This paper presents a formulation of the spherical harmonics method for analyzing radiative heat transfer through participating planar media. The proposed approach expand only the radiative intensity into a finite series of Legendre polynomials, while the scattering phase function is directly averaged over incident and scattered radiations without its expansion in series of Legendre polynomials as classical spherical harmonics method assumes. A matrix algorithm formulation is then implemented, which enable computer of spherical harmonics solution for higher order without difficulty. Radiative heat transfer through anisotropic scattering media under diffuse incidence is examined. The Mie theory for spherical particles is used to account scattering phase function of participating isotropic media. Different scattering phase functions, scattering albedo and optical thicknesses are used in the numerical analysis. Excellent agreements on radiative heat fluxes, hemispherical transmittance and reflectance are obtained between spherical harmonics methods with and without expansion of scattering phase function in series of Legendre polynomials. For high angular discretization, computational time requirements of each of the two spherical harmonics methods are comparable, while the present spherical harmonics formulation is time consuming for low order angular discretization. However, for low and high angular discretizations, spherical harmonics with and without scattering phase function expansion in series of Legendre polynomials computational times are extremely small. The results also indicate that for the same angular discretization order, spherical harmonics methods are more accurate than the discrete ordinates method.
Introduction
The radiative transfer equation (RTE) is an integro-differential equation that is difficult to solve exactly even for the simple one-dimensional problem (Modest, 2013) . Hence, approximate solution methods are usually adopted to analyze radiative transfer through participating media. Among approximate numerical methods the spherical harmonics (SHM) or PN method, discrete ordinates (DOM) or SN method, finite volume, zonal and Monte Carlo methods are the most popular. The zonal and Monte-Carlo methods are time consuming and usually not suitable for engineering problems (Ravishankar et al., 2010; Menguç and Viskanta, 1983) . The discrete ordinates and finite volume methods are able to treat any aspect of radiation but are not applicable for every boundary condition. Moreover, these methods suffer from ray effects and false scattering for multidimensional radiative heat transfer problems (Kamdem, 2015; Hunter and Guo, 2015) .
The spherical harmonics method expands the radiative intensity into a finite series of spherical harmonics, and thus its inverse defines the radiance moments (Howell et al., 2011) . The method can be applicable to any type of boundary conditions and transforms the RTE into a set of coupled partial differential equations of radiance moments suitable to be couple to commercial computer solvers. However, the mathematical complexity of the method increases rapidly with high-orders expansion of radiance moments and especially for multi-dimensional and/or complex geometries, while low-order expansion of the radiative intensity performed poorly for optically thin media (Modest and Yang, 2008) . By developing the spherical harmonics method, the classical approach consists of expanding the scattering phase function in series of Legendre polynomials. This can be applicable for participating isotropic media, where the scattering phase function depends only on the scattering angle. For participating anisotropic media such as fibrous media, the scattering phase function depends on both the radiation incident direction and the scattering angle (Zhang and Kribus, 2002) . In such case, expressing the scattering phase function in series of Legendre polynomials should be done for each incident direction. Consequently, the scattering phase function expansion coefficients should depend of the incident direction (Heino et al., 2003; Kamdem and Baillis, 2010) . This can complicated the radiative heat transfer analysis. Moreover, for anisotropic media containing fiber particles not oriented in space or in the direction parallel to the planar boundaries, the maximum scattering angle is dictated by the combination of the incident direction and fiber orientation (Lee, 1990) . In fact, the maximum scattering angle value decreases with increasing incident direction. Therefore, the determination of the expansion coefficients needed to express the scattering phase function in series of Legendre polynomials is questionable. This paper presents a spherical harmonics formulation suitable for radiative heat transfer analysis through both isotropic and anisotropic media. The proposed approach expand only the radiative intensity into a finite series of Legendre polynomials, while the scattering phase function is directly averaged over incident and scattered radiations without its expansion in series of Legendre polynomials. The paper also compares and discuses accuracy of spherical harmonics formulations with and without expanding the scattering phase function in series of Legendre polynomials. The radiative heat transfer problem consists of a planar participating media under diffuse incidence. Participating media are assumed to contain spherical particles and then the Mie theory is used to take into account the media scattering phase function.
Radiative Heat Transfer Problem
The problem considered in this paper is that of radiative transfer in one dimensional planar media with azimuthal symmetry. The coordinate system used is shown in Fig. 1 .
Fig. 1. Geometry of a planar medium under diffuse incidence
Media fitted by spherical particles are assumed to be gray and the RTE can be written as (Dombrovsky and Baillis, 2010 )
where μ is the outgoing polar direction cosine, is the outgoing azimuthal angle. The azimuthindependent scattering phase function,Φ , may be obtained from
In Eq.
(1), = ⁄ is the single scattering albedo, and, { , } the extinction and scattering coefficients, respectively. The radiative coefficients are determined for independent scatter regime from the Mie theory assuming that planar media contain spherical particles with uniform radius . Therefore, scattering and extinction coefficients are defined, respectively, by (Modest, 2013; Dombrovsky and Baillis, 2010; Crosbie and Davidson, 1985) = 2 ( , )
) where { , } , are the scattering and extinction coefficients, respectively, is the complex refractive index of the particles, = 2 / , the size parameter of the particles with the wavelength of the incident radiation, the number of particles per unit volume. The Mie phase function for media containing spherical particles is given by (Modest, 2013; Dombrovsky and Baillis, 2010; Crosbie and Davidson, 1985) (Θ) = 4 2 ( , , Θ) 2 (5) ⁄ here, ( , , Θ)is the unpolarized radiation intensity, and the scattering angle, Θ, is defined as Θ = μμ ′ + √1 − 2 √1 − ′2 cos( − ′ ) (6) The diffuse incidence boundary conditions for Eq. (1) can be written as (Atalay, 2006; Sutton, H. W., Ozisik, 1979) where , , , , , ( = 1, 2) are the emissivity, the diffusivity and the reflectivity of the walls, respectively.
The Spherical Harmonic Method (SHM)
In the spherical harmonic method the radiance is expressed in a truncated Legendre polynomials series by (Menguç and Viskanta, 1983) 
The ℓ are radiance moments with ℓ ( ) = 0 for all ℓ > since the sum is truncated beyond ℓ = , and ℓ ( ) are Legendre polynomials, which have the following properties (Weber and Arfken, 2003) 
After substituting Eqs. (9) (1), the classical approach of the SHM consists of expanding the scattering phase function into series of Legendre polynomials. In the present work, the scattering phase function in the right hand side of Eq. (1) is not developed in series but is averaged over all polar directions. Let us substitute Eq. (9) in the right hand side of Eq. (1), we obtain
Multiplying Eq. (13) by ℓ ′ (μ) and integrating over μ in the segment [-1, 1], we obtain
where Ψ ℓ,ℓ ′ are the phase function average coefficients defined by
The coupled differential equations of radiance moments are obtained by equating Eq. (12) and (14). That is
where = is the optical depth. It should be noted that, if the scattering phase function is expanded in the Legendre polynomials series, the use of Legendre polynomials orthogonality property in Eq. (15) reduces Eq. (16) to the couple partial differential equations of radiance proposed by Modest (2013) . For the numerical solution of Eq. (16), the coupled differential equations of radiance is further rewritten in the matrix form as
′ run from 0 to . In such case, , are ( + 1) × ( + 1) matrixes and the ( + 1) colon vector.
Boundary Conditions Transformation
The boundary conditions applied to the spherical harmonics method are the Marshak boundary conditions. The Marshak boundary conditions consist of multiplying both sides of Eqs. (8) and (9) by ℓ ( ), and integrating over the hemisphere. In such case, the boundary conditions can be written as (Modest, 2013) 
Assuming that each boundary is black, Eqs. (26) and (27) can be written in the matrix form, respectively, as 
Numerical Solution
A literature survey of the spherical harmonics method shows that, solution of the coupled differential equations of radiance moments can be obtained using three main approaches: the classical approach, which replaces the radiative intensity moments by a sum over Chandrasekar or Chebyshev polynomials (Karp, 1998) , linear algebra approach (Dave, 1975; Evans, 1993) and the Heat and Mass Transfer (2016) Vol. 3 No. 4 pp. 280-295 285 Fourier transform of the radiative intensity moments approach (Atalay, 2006) . In the linear algebra approach, the coupled differential equations of radiance moments can be solved using either a direct shooting method (Li and Tong, 1990) or by using finite differencing for space differential couple to a matrix algorithm methods (Evans, 1993) . A linear algebra method similar to that of Evans (1993) will be used in this work. The method consists of two steps: the spatial discretization of Eq. (17) using backward finite-difference and the resolution of the corresponding linear matrix system using a tridiagonal matrix Thomas algorithm (Abderrahman et al., 2015) or a conjugate gradient method (Hestenes and Stiefel, 1952; Evans, 1993) . The backward finitedifference of Eq. (17) is
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where is the number of spatial points of discretization and the spatial step of discretization. 
The subscripts , run from 2 to and from 1 to , respectively. The matrix elements have the same angular size than matrixes A and B. The first row of the matrix M and vector D contains the boundary conditions terms appearing in Eqs. (28) and (29). The advantage to write Eq. (16) in the matrix form of Eq. (27) is that the boundary conditions are easily used to compute the solution of RTE. Thus higher -order of SHM can be compute without difficulty. To solve the linear system (27), a conjugate gradient method is implemented (Hestenes and Stiefel, 1952; Evans, 1993) . The conjugate gradients method (CGM) is an iterative method used to solve linear systems. The algorithm of the method is well described by Hestenes and Stiefel (1952) and will not be discuss in this work. After the numerical solution of the coupled differential equations of radiance moments, the radiative heat flux is calculated as
The transmittance and the reflectance are given by 
Results and Discussion
Here, the assumption of expanding the scattering phase function or not in series of Legendre polynomials on the accuracy of the spherical harmonics method is analyzed. The results are presented for cold planar media containing highly scattering spherical particles under diffuse incidence. In this work, highly scattering media are considered. The radiative characteristics of the The scattering phase functions of these media are designated, respectively, by PFI, PFII, PFIII and PFIV. The scattering phase functions PFI, PFII, PFIII with asymmetric factors = {0.7732, 0.8676 0.9273} , respectively, present forward scattering behaviors, whereas the phase function PFIV with an asymmetric factor = −0.1884 presents a backward scattering behavior. For radiative heat transfer analysis, the upper black wall of media is considered at the temperature , whereas the lower black wall is at zero temperature. This problem has been investigated recently using DRESOR and integral moment methods (Guihua et al., 2012; Zhao et al., 2012) . The media optical thickness is discretized into = 200 grid points. The SHM results presented in this work were generated using MATLAB computer language on a personal computer, with Genuine Intel 1.73GHz processor and 2.0 Go of RAM.
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For the determination of SHM coefficients given by Eq. (15), 16 Gauss quadratures sets are used for each of polar integral and 32 Gauss quadrature for the azimuthal integration of the scattering phase function. Since the double integrations of Eq. (15) is done using quadrature with same number of ordinates directions, symmetry properties of the scattering phase function can be applied. In the case of the classical formulation, expansion coefficients values below 10 −7 are considered to be zero and 48 Gauss quadratures sets have been used for all integrals. It has been noted that the difference in the coefficients is insignificant when using Gauss quadrature sets order greater than those define above. It should be noted that for the determination of SHM coefficients, the azimuth independent scattering phase function or the scattering phase function for the case of the classical SHM are calculated once before starting to solve Eq. (17).
Table 1 Comparison of SHM dimensionless boundary radiative heat fluxes
The Table 1 compares the boundary dimensional radiative heat fluxes ( / 4 ) for the present formulation, the classical formulation, and the literature results obtained by Menguç and Viskanta for a medium having an anisotropy scattering phase function given by PFI, with an optical thickness = 1 and albedo = 0.8 (Menguç and Viskanta, 1983) . The accurate representation of the function PFI in series of Legendre polynomials necessitates 18 terms. Good agreements are observed between reference solutions and high-order of the SHM with and without expansion of the phase function in series of Legendre polynomials. These good agreements are also seen in Fig. 2 , Heat and Mass Transfer (2016) Vol. 3 No. 4 pp. 280-295 287 where absolute relative errors on boundary radiative heat fluxes decrease with increasing of SHM order. In Fig. 2 , a good agreement is also seen between present and classical SHM results, whereas differences appear when comparing to Menguc and Viskanta SHM results. These differences are due to the fact that Menguc and Viskanta used a linear scattering phase function to approximate the anisotropic scattering of the medium. Table 2 Dimensionless boundary radiative heat fluxes for three different methods
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Optical thickness effects on the accuracy of the SHM are also investigated by considering that, the medium scattering phase function is given by PFII and albedo = 0.8. Three different optical thicknesses are considered: = 0.1, 1.0 10.0. The accurate representation of the function PFII in series of Legendre polynomials required 28 terms. Table 2 presents dimensional boundary radiative heat fluxes and the comparison between authors discrete ordinates method (DOM), present and classical SHM results. The F 9 solution is taken in Kumar et al. (1990) as reference solution for these radiative heat transfer problems and the DOM results are authors' calculations. For the three optical thicknesses considered, excellent agreement is observed between F 9 , present Heat and Mass Transfer (2016) Vol. 3 No. 4 pp. 280-295 288 SHM and classical SHM results. Heat and Mass Transfer (2016) Vol. 3 No. 4 pp. 280-295 291 Another aspect of this study is the accuracy of the present SHM formulation, which does not expand the scattering phase function in series of Legendre polynomials, to accurately predict hemispherical transmittance and reflectance. This problem has been analyzed by Sutton and Ozisik using a SHM with an iterative technique (Sutton and Ozisik, 1979) . The media scattering phase function are given by phase functions PFIII and PFIV. The expansion of these phase functions necessitated 31 and 28 terms, respectively. Prediction of hemispherical transmittance and reflectance obtained by using present SHM and classical SHM are presented in tables 3 and 4 for the phase functions PFIII and PFIV, respectively. Sutton and Ozisik P 11 solutions are also presented in these tables for comparison. Excellent agreements on hemispherical transmittance and reflectance are observed between present SHM and classical SHM for scattering albedo varying from = 0.0 to = 1.0. For scattering albedo = 0.7 to = 1.0, Sutton and Ozisik P 11 solutions and our solutions present a slight difference. For a full appreciation of SHM with and without expansion of the scattering phase function in series of Legendre polynomials, computer times taken to solve the RTE as a function of the SHM angular discretization are shown on Fig. 5 . Two cases are considered: a high thick medium = 10.0 with anisotropic scattering given by PFII and a moderate optical thick medium = 5.0 with anisotropic scattering given by PFIII. It should be noted that for the cases considered, high number of terms are necessary to fully expand the scattering phase function in series of Legendre polynomials: 28 and 31 terms for PFII and PFIII, respectively. Therefore, the solution of SHM taken into consideration all terms of the scattering phase function will required 28 and 31 angular discretization, respectively. Fig. 5 show that for high angular discretization, computational time required to solve radiave heat transfer problems using spherical harmonics method with and without expansion in series of Legendre polynomials are comparable. As the SHM angular discretization is small, the CPU time for the present formulation is great and it makes the present SHM costly when compare to the classical formulation for low angular discretization. The consuming computational time for low order is probably due to the fact that the same quadrature sets is used for the double integrations for the evaluation of the SHM coefficients for low and high order approximations. However, it is important to note that for low and high angular discretization, computational times of both SHM are less than one minute, which is extremely small. 

Conclusion
A numerical analysis of radiative heat transfer though participating planar media under diffuse incidence has been conducted using the spherical harmonics method with and without expanding the scattering phase function in series of Legendre polynomials. The excellent agreement between the proposed and classical spherical harmonics methods predictions; and benchmark literature results indicates that the proposed method is valid and the following conclusion can be draw:
(1). A matrix formulation of the spherical harmonics method enable the computer of higher order spherical harmonics solution without difficulty. (2). The present formulation is suitable for both anisotropic and isotropic media whereas the standard SHM is adequate for isotropic media. (3). In developing the spherical harmonics method, expansion of the scattering phase function in series of Legendre polynomials is not absolutely necessary.
(4). The spherical harmonics method without scattering phase expansion in series of Legendre polynomial is time consuming for low order of the method while it is less time consuming for higher order of the method. (5). For identical angular discretization order, the spherical harmonics method is more accurate than the discrete ordinates method.
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